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COUNTING CO-CYCLIC LATTICES
PHONG Q. NGUYEN AND IGOR E. SHPARLINSKI
Abstract. There is a well-known asymptotic formula, due to
W. M. Schmidt (1968) for the number of full-rank integer lattices
of index at most V in Zn. This set of lattices L can naturally be
partitioned with respect to the factor group Zn/L. Accordingly,
we count the number of full-rank integer lattices L ⊆ Zn such
that Zn/L is cyclic and of order at most V , and deduce that these
co-cyclic lattices are dominant among all integer lattices: their
natural density is (ζ(6)
∏n
k=4
ζ(k))
−1
≈ 85%. The problem is mo-
tivated by complexity theory, namely worst-case to average-case
reductions for lattice problems.
1. Introduction
Let In,V be the set of subgroups L of Z
n such that [Zn : L] = V . In
other words, In,V is the (finite) set of full-rank integer lattices ⊆ Z
n of
determinant (or co-volume) equal to V . Let
In,≤V = ∪1≤v≤V In,v.
A classical result (see [6, 18]) states that when n is fixed and V grows
to ∞,
#In,≤V ∼ Ξ2,n
V n
n
(1.1)
where we define
Ξm,n =
n∏
k=m
ζ(k) and Ξm =
∞∏
k=m
ζ(k)
and ζ is the Riemann zeta-function. This is a special case of subgroup
growth for the group Zn.
We are interested in counting special subsets of In,≤V . More pre-
cisely, In,≤V can naturally be partitioned with respect to the (finite
Abelian) factor group Zn/L for L ∈ In,≤V . For any finite Abelian
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group G, we denote by Ln,G the finite set of full-rank integer lattices
L ⊆ Zn such that Zn/L ≃ G. Then
In,V = ∪#G=VLn,G and In,≤V = ∪#G≤VLn,G.
The sets Ln,G have attracted significant interest in complexity the-
ory. In a seminal work [1], Ajtai has discovered the first worst-case
to average-case reduction for lattice problems: he proves that for the
special case G = (Z/qZ)m, when #G is sufficiently large, finding very
short non-zero vectors (with non-negligible probability) in a random
lattice L ∈ Ln,G chosen with uniform distribution is as hard as finding
short non-zero vectors in any lattice of dimension m. Ajtai’s reduction
has recently been generalised [4] to any finite Abelian group G of suf-
ficiently large order, which motivates to study the cardinals of Ln,G,
depending on G.
We settle this question for cyclic groups G. More precisely, we give
an asymptotic formula for the cardinality Nn(V ) of the the subset of
In,≤V formed by all co-cyclic lattices, that is, full-rank integer lattices
L such that Zn/L is cyclic:
Nn(V ) = # ∪G cyclic
#G≤V
Ln,G,
which is the subset of In,≤V formed by all co-cyclic lattices, that is,
full-rank integer lattices L such that Zn/L is cyclic. Such lattices have
been previously studied from a complexity point of view in [15, 19].
Throughout the paper we use the notion of natural density . We
recall that the natural density of a property P in a family of objects
ordered according to their “size” (such as lattices of determinant up to
V , groups of order up to V and so on) is defined as the limit as V →∞
of the ratio of the number of such objects of size at most V satisfying
the property P to the total number of such objects of size at most V .
For example, our results, coupled with (1.1), show that the natural
density of co-cyclic lattices of a fixed dimension n tends asymptotically
(as n grows) to
1
ζ(6)Ξ4
≈ 85%.(1.2)
Hence, “most” integer lattices of sufficiently large dimension are co-
cyclic.
We also determine the density of integer lattices with squarefree in-
dex in Zn, which are special cases of co-cyclic lattices, see also the
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discussion in Section 5. More precisely, we obtain an asymptotic for-
mula on the cardinality
N ♯n(V ) = # ∪ #G≤V
#G squarefree
Ln,G.
Coupled with (1.1), we obtain that the natural density of full-rank
integer lattices a fixed dimension n with squarefree determinant of a
fixed dimension n tends asymptotically (as n grows) to
1
Ξ3
≈ 71.7%.(1.3)
2. Main Results
For n ≥ 2 we define ϑn by the absolutely converging product
ϑn =
∏
p
(
1 +
pn−1 − 1
pn+1 − pn
)
,
where hereafter p always runs through prime numbers.
Theorem 2.1. For any fixed n ≥ 2, we have
Nn(V ) =
ϑn
n
V n +O
(
V n−1+o(1)
)
,
as V →∞.
Similarly, we define
ρn =
6
pi2
∏
p
(
1 +
pn−1 − 1
pn+1 − pn−1
)
.
Theorem 2.2. For any fixed n ≥ 2, we have
N ♯n(V ) =
ρn + o(1)
n
V n
as V →∞.
We note that it is easy to get an explicit bound on error term in the
asymptotic formula of Theorem 2.2.
It is also interesting to study the asymptotic behaviour of the con-
stant ϑn as n→∞. We define
ϑ =
∏
p
(
1 +
1
p2 − p
)
=
ζ(2)ζ(3)
ζ(6)
=
315ζ(3)
2pi4
= 1.94359 . . .
We note that ϑ appears in the asymptotic formula of Landau [10]:
(2.1)
∑
d≤t
1
ϕ(d)
= ϑ
(
log t+ γ −
∑
p
log p
p2 − p+ 1
)
+O
(
log t
t
)
,
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where ϕ(d) is the Euler function and γ is the Euler-Mascheroni constant
(a more recent reference is [13]).
Theorem 2.3. For any n ≥ 2, we have
ϑ
(
1−
7 · 2−n
6
+O(3−n)
)
≥ ϑn ≥ ϑ
(
1−
5 · 2−n
3
+O(3−n)
)
.
By combining Theorems 2.1 and 2.3 with (1.1), we obtain (1.2).
We now define
ρ =
∏
p
(
1 +
1
p2 − 1
)
= ζ(2).
Finally, we also have
Theorem 2.4. For any n ≥ 2, we have
ρn = ρ
(
1− 2−n−1 +O(3−n)
)
.
By combining Theorems 2.1 and 2.4 with (1.1), we obtain (1.3).
One can easily get tighter bounds in Theorems 2.3 and 2.4.
3. Proofs of Main Results
3.1. Proof of Theorem 2.1. Given an integer q, we say that two
n-dimensional vectors a,b ∈ Zn are equivalent modulo q, if for some
integer λ with gcd(λ, q) = 1 we have
a ≡ λb (mod q).
We also say that a vector a = (a1, . . . , an) ∈ Z
n is primitive modulo q,
if gcd(a1, . . . , an, q) = 1.
Let An(q) be the number of distinct non-equivalent primitive modulo
q vectors a = (a1, . . . , an) ∈ Z
n.
Let L ∈ In,q. Paz and Schnorr [15] have proved that L is co-cyclic if
and only if there exist a vector a = (a1, . . . , an) ∈ Z
n primitive modulo
q, such that L = Ln(q, a) where
Ln(q, a) = {x = (x1, . . . , xn) ∈ Z
n :
a1x1 + . . .+ anxn ≡ 0 (mod q)}.
(3.1)
It follows that Nn(V ) satisfies:
Nn(V ) =
∑
q≤V
An(q)
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Using the Mo¨bius function µ(d), see [7, Section 16.3], we write
(3.2) An(q) =
1
ϕ(q)
∑
d|q
µ(d)
q∑
a1,...,an=1
d|gcd(a1,...,an)
1 =
qn
ϕ(q)
∑
d|q
µ(d)
dn
.
Using the well-known identity (see [7, Theorem 62])
ϕ(q) = q
∏
p|q
(
1−
1
p
)
,
and since ∑
d|q
µ(d)
dn
=
∏
p|q
(
1−
1
pn
)
we derive from (3.2)
(3.3) An(q) = q
n−1
∏
p|q
(
1 +
pn−1 − 1
pn − pn−1
)
.
Let fn(d) be the multiplicative function defined as
fn(d) =
∏
p|d
pn−1 − 1
pn − pn−1
if d is squarefree and f(d) = 0 otherwise. From (3.3), we see that
An(q) = q
n−1
∑
d|q
fn(d).
Therefore, changing the order of summation and writing q = kd, we
derive
(3.4) Nn(V ) =
∑
d≤V
fn(d)d
n−1
∑
k≤V/d
kn−1.
We now observe that
pn−1 − 1
pn − pn−1
≤
2
p
.
Hence, for any integer d we have
f(d) ≤
2ω(d)
d
,
where ω(d) is the number of prime divisors of d. Recalling the well-
known bound
ω(d) = O
(
log d
log log d
)
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(which follows immediately from the trivial inequality ω(d)! ≤ d and
Stirling’s formula) we obtain
(3.5) f(d) ≤ d−1+o(1), as d→∞.
Since, for a fixed n,∑
k≤V/d
kn−1 =
1
n
(V/d)n +O
(
(V/d)n−1
)
we now derive from (3.4) and (3.5) that
Nn(V ) =
1
n
V n
∑
d≤V
fn(d)
d
+O
(
V n−1
∑
d≤V
fn(d)
)
=
1
n
V n
∑
d≤V
fn(d)
d
+O
(
V n−1+o(1)
)
,
(3.6)
as V →∞. Finally, using (3.5) again, we obtain
∑
d≤V
fn(d)
d
= ϑn +O
(
V n−1+o(1)
)
,
where ϑn is given by the absolutely converging series
ϑn =
∞∑
d=1
fn(d)
d
=
∏
p
(
1 +
fn(p)
p
)
=
∏
p
(
1 +
pn−1 − 1
pn+1 − pn
)
.
which concludes the proof.
3.2. Proof of Theorem 2.2. For two functions F (t) and G(t) de-
pending on a parameter t we write F (t) ∼ G(t) as an equivalent of
lim
t→∞
F (t)/G(t) = 1.
We need the following classical result of Prachar [16] which asserts
that for any integers d > a ≥ 1 with gcd(d, a) = 1 and arbitrary ε > 0
we have
#{k ≤ x : k ≡ a (mod d), k squarefree} ∼
6x
pi2d
∏
p|d
(
1−
1
p2
)−1
,
as x → ∞, provided d ≤ x2/3−ε, where the product is taken over all
prime divisors p of d; see also [9, Theorem 3]. In particular, under the
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same condition on d and x, we have
#{k ≤ x : gcd(k, d) = 1, k squarefree}
∼
6ϕ(d)x
pi2d
∏
p|d
(
1−
1
p2
)−1
∼
6x
pi2
∏
p|d
(
1 +
1
p
)−1
,
(3.7)
as x→∞ (one can certainly prove (3.7) directly as well).
As in the proof of Theorem 2.1 we write
N ♯n(V ) =
∑
q≤V
q squarefree
An(q).
Furthermore, instead of (3.4), we derive
N ♯n(V ) =
∑
d≤V
fn(d)d
n−1
∑
k≤V/d
gcd(k,d)=1
k squarefree
kn−1
(recall that the function f(d) is supported only on squarefree integers).
For d > V 1/2 we estimate the sum over k trivially as O((V/d)n).
Thus, recalling (3.5), we see that the total contribution from such terms
is ∑
V 1/2<d≤V
fn(d)d
n−1
∑
k≤V/d
gcd(k,d)=1
k squarefree
kn−1
= V n
∑
V 1/2<d≤V
d−2+o(1) = V n−1/2+o(1).
(3.8)
For d ≤ V 1/2, the asymptotic formula (3.7) applies to the sums over
k, so similarly to (3.6), via partial summation, we derive that the total
contribution from such terms is∑
d≤V 1/2
fn(d)d
n−1
∑
k≤V/d
gcd(k,d)=1
k squarefree
kn−1
∼
6V n
pi2n
∑
d≤V 1/2
fn(d)
d
∏
p|d
(
1 +
1
p
)−1
,
(3.9)
as V →∞.
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Since∑
d≤V 1/2
fn(d)
d
∏
p|d
(
1 +
1
p
)−1
∼
∞∑
d=1
fn(d)
d
∏
p|d
(
1 +
1
p
)−1
=
∏
p
(
1 +
fn(p)
p
(
1 +
1
p
)−1)
=
∏
p
(
1 +
fn(p)
p + 1
)
=
∏
p
(
1 +
pn−1 − 1
pn+1 − pn−1
)
,
the result now follows from (3.8) and (3.9).
3.3. Proof of Theorem 2.3. First we note that for any k ≥ 2
(3.10) ζ(k) = 1 +
1
2k
+
1
3k
+O
(∫ ∞
3
1
tk
dt
)
= 1 + 2−k +O(3−k)
We have,
ϑn
ϑ
=
∏
p
p2 − p+ 1− 1/pn−1
p2 − p+ 1
=
∏
p
(
1−
1
pn−1(p2 − p+ 1)
)
.
Since p2 − p + 1 ≥ p, we have
1−
1
pn−1(p2 − p+ 1)
≥ 1−
1
pn
.
Hence, we now see that
ϑn
ϑ
≥
(
1−
1
3 · 2n−1
)∏
p≥3
(
1−
1
pn
)
=
(
1−
1
3 · 2n−1
)(
1−
1
3n
)−1
ζ(n)−1.
Thus, using (3.10) we obtain
ϑn
ϑ
≥ 1−
1
3 · 2n−1
−
1
2n
+O(3−n)
On the other hand, since p2 − p+ 1 ≤ p2, we also have
ϑn
ϑ
≤
(
1−
1
3 · 2n−1
)∏
p≥3
(
1−
1
pn+1
)
=
(
1−
1
3 · 2n−1
)(
1−
1
3n+1
)−1
ζ(n+ 1)−1.
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3.4. Proof of Theorem 2.4. We have,
ρn
ρ
=
∏
p
(
1−
1
pn+1
)
=
1
ζ(n+ 1)
.
Using (3.10), we conclude the proof.
4. Comparison with random finite Abelian groups
4.1. Motivation. In any context involving finite Abelian groups, it is
interesting to study if these finite Abelian groups behave like random
finite Abelian groups in various families in terms of natural density.
There are at least two distributions worth considering, which we
discuss here.
4.2. The uniform distribution. Let a(n) denote the number of non-
isomorphic Abelian groups of order n. It is well-known that if n =
pk11 . . . p
ks
s is a prime number factorisation of n then
a(n) =
s∏
i=1
P(ki)
where P(k) is the number integer partitions of k (as it is obvious that
a(n) is a multiplicative function and also a(pk) = P(k) for any integer
power of a prime p), and also∑
#G≤x
1 =
∑
n≤x
a(n) = A1x+ A2x
1/2 + A3x
1/3 +R(x),
where
Aj =
∞∏
k=1,k 6=j
ζ(k/j), j = 1, 2, 3,
and the best result for the error term is R(x)≪ x1/4+o(1) (see [17]).
Since clearly there is a unique (up to isomorphism) cyclic subgroup of
order n and furthermore, all subgroups of square-free order are cyclic,
we see that the natural density of cyclic groups is
1
A1
=
1
Ξ2
≈ 44%.
Furthermore, recalling that there are (ζ(2)−1 + o(1))V squarefree num-
ber up to V (see [7, Section 18.6]), we conclude that the natural density
of groups of square-free order is
1
ζ(2)A1
=
1
ζ(2)Ξ2
≈ 26%.
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4.3. The Cohen-Lenstra distribution. According to the Cohen-
Lenstra heuristics [2], a given finite Abelian group G occurs with mass
inversely proportional to the order #Aut(G) of its automorphism group
Aut(G), similarly to many other mass formulas. Let
T (V ) =
∑
#G≤V
1/#Aut(G),
with G running over all finite Abelian groups of order at most V , up
to isomorphism; Furthermore, let T (V ;P) is the same sum as T (V )
restricted to the groups G satisfying P. Then the natural density of a
property P is defined here as the limit
(4.1) ∆(P) = lim
V→∞
T (V ;P)/T (V ),
provided it exists.
It is shown in [2] that the denominator is asymptotically equivalent
to:
T (V ) ∼ Ξ2 log V.
If P is the property Pcycl = “G is cyclic”, then the numerator is:
T (V ;Pcycl) =
∑
n≤V
1
ϕ(n)
= ϑ
(
log V + γ −
∑
p
log p
p2 − p+ 1
)
+O
(
log x
x
)
,
see (2.1). Hence, with respect to the Cohen-Lenstra distribution, the
natural density of cyclic groups is
(4.2) ∆(Pcycl) = ϑΞ
−1
2 = ζ(6)
−1Ξ−14 ≈ 85%.
Hence, the cyclicity of the factor group Zn/L (when L is full-rank
integer lattices L in Zn) behaves as predicted by the Cohen-Lenstra
heuristics.
If Psf is the property Psf = “#G is square-free”, then:
T (V ;Psf) =
∑
n≤V
µ2(n)
ϕ(n)
.
Ward [20, Equation (2.2)] has shown that, as V grows to ∞:
∑
n≤V
µ(n)2
ϕ(n)
= log V + c+ o(V −1/2)
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for some absolute constant c. Hence, with respect to the Cohen-Lenstra
distribution, the natural density of groups of square-free order is
∆(Psf) = Ξ
−1
2 ≈ 44%,
which differs from the natural density of co-cyclic lattices.
More generally, it is also possible to obtain the natural density when
P is the property P≤r = “G has rank at most r”. To do so, we rely on
results from [2] for p-groups, for which the Cohen-Lenstra distribution
is a probability distribution: the probability that a random p-group
has rank r is exactly:
P (p, r) = p−r
2
∏∞
i=1(1− p
−i)∏r
i=1(1− p
−i)2
.
It follows that the density of P≤r is:
∆(P≤r) =
∏
p
r∑
k=0
P (p, k)
=
∏
p
(
r∑
k=0
p−k
2 (1− p−1)∏k
i=1(1− p
−i)2
∞∏
i=2
(1− p−i)
)
= Ξ−12
∏
p
(
r∑
k=0
p−k
2 (1− p−1)∏k
i=1(1− p
−i)2
)
.
This proves again that ∆(P≤1) = ϑΞ
−1
2 , which is the previous natural
density ∆(Pcycl) of cyclic groups (4.2). We also have:
∆(P≤2) = Ξ
−1
2
∏
p
(
1 +
1
p(p− 1)
+
p−4
(1− p−1)(1− p−2)2
)
= Ξ−12
∏
p
(
1 +
p4 − p2 + 1
p(p− 1)3(p+ 1)2
)
≈ 99.5%.
It is shown in [3] that for all p ≥ 2:
1− p−1 − p−2 ≤
∏
i≥1
(1− p−i) ≤ 1.
It follows that for all p ≥ 2:
P (p, k) ≤
p−k
2
1− p−1 − p−2
≤ 4p−k
2
.
Therefore, ∑
k≥r
P (p, k) ≤
∑
k≥r
4p−k
2
≤ 8p−r
2
.
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(provided the above sums and products converge). Hence the natural
density of the property P≥r = “G has rank at least r” satisfies:
∆(P≥r) = 1−
∏
p
r−1∑
j=0
P (p, j) = 1−
∏
p
(
1−
∑
j≥r
P (p, j)
)
≤ 1−
∏
p
(
1− 8p−r
2
)
= 1− exp
(∑
p
8p−r
2
)
≤ 1− exp
(
8(ζ(r2)− 1)
)
.
Since ζ(r2)− 1) = 2−r
2
+O(3−r
2
)), see (3.10) we obtain
∆(P≥r) ≤ 8 · 2
−r2 +O(3−r
2
).
4.4. Comparison with groups of points of elliptic curves over
prime fields. We note that Gekeler [5] settled analogous questions for
elliptic curves over prime finite fields: if q is a large random prime and
E runs over all elliptic curves over Fq, then
• The natural density of cyclic E is∏
p
(
1−
1
(p2 − 1)p(p− 1)
)
≈ 0.81.
• The natural density of E such that #E is squarefree is∏
p
(
1−
p3 − p− 1
(p2 − 1)p2(p− 1)
)
≈ 0.44.
5. Comments and Open Questions
We have studied the cardinality Nn(V ) of the subset of In,≤V formed
by all lattices L such that Zn/L is cyclic. More generally, we define
Gm(V ) as the set of groups G with m invariant factors (that is, of rank
m, where the rank is defined as the minimal size of a generating set)
and of order #G ≤ V . It is natural to study the cardinality Nn,m(V )
of the subset ∪G∈Gm(V )Ln,G of In,V formed by all lattices L such that
Z
n/L has exactly m invariant factors. We are now interested in m ≥ 2,
since we already know Nn,1(V ) = Nn(V ).
Let G = Z/q1Z × · · · × Z/qmZ be a finite Abelian group with m
invariant factors: qm > 1 and each qi+1 divides qi. By analogy with
Section 3.1, we say that two n-dimensional vectors a,b ∈ Gn are equiv-
alent modulo G, if there is an automorphism τ of G such that
bi = τ(ai), 1 ≤ i ≤ n.
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We also say that a vector a = (a1, . . . , an) ∈ G
n is primitive modulo G
if the components a1, . . . , an generate G.
Let An(G) be the number of distinct non-equivalent primitive mod-
ulo G vectors a = (a1, . . . , an) ∈ G
n. Then:
Nn,m(V ) =
∑
G∈Gm(V )
An(G).
Indeed, L ∈ In,#G satisfies Z
n/L ≃ G if and only there exists a vector
a = (a1, . . . , an) ∈ G
n primitive modulo G, such that:
L = {x = (x1, . . . , xn) ∈ Z
n : a1x1 + . . .+ anxn = 0 in G}.
Note that when n is sufficiently large with respect to #G, most elements
of Gn are primitive modulo G: more precisely, Pak [14] shows that for
any k > 0, if (g1, . . . , gn) ∈ G
n is picked uniformly at random where
n > (k + 1) log#G + 2, then g1, . . . , gn generate the whole group G
with probability at least 1− 1/#Gk, which implies that:
An(G) =
#Gn(1 +O(1/#Gk))
#Aut(G)
.
In particular,
An(G) ∼
#Gn
#Aut(G)
as #G → ∞. Now, there are classical formulas for #Aut(G) when G
is a finite Abelian group (see [8, 11, 12]):
Fact 5.1. If
G =
k∏
i=1
(Z/peiZ)ri
is a finite Abelian p-group in standard form, that is, k ≥ 0, e1 > · · · >
ek > 0, ri > 0, then:
#Aut(G) =
(
k∏
i=1
(
ri∏
s=1
(1− p−s)
))( ∏
1≤i,j≤k
pmin(ei,ej)rirj
)
.
Fact 5.2. If G1 (resp. G2) is a finite Abelian p1-group (resp. p2-group),
with distinct primes p1 6= p2, then
#Aut(G1 ×G2) = #Aut(G1)×#Aut(G2).
Thus, given a decomposition of G as a product of p-groups, we have
a closed formula for #Aut(G), but if one is given an invariant factor
decomposition instead, then one must first convert it into a p-groups
decomposition. We conclude with posing several open problems which
might be addressed using these formulas:
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Problem 5.3. Obtain an asymptotical formula for Nn,m(V ) for m ≥ 2.
Problem 5.4. Show that Nn,m(V ) = o(#In,≤V ) when m is sufficiently
large.
Problem 5.5. Show that the Ajtai [1] lattices, that are the classes Ln,G
for G = (Z/qZ)m, form a negligible fraction of In,≤V .
Here we make a few comments regarding Problem 5.5. For G =
(Z/qZ)m, where
q =
ν∏
i=1
peii
is the prime number factorisation of q, each p-group of G is of the form
(Z/peii Z)
m whose automorphism group, by Fact 5.1 has order
#Aut((Z/peii Z)
m) = peim
2
i
m∏
s=1
(1− p−si ), i = 1, . . . , ν.
Hence, then by Fact 5.2
#Aut((Z/qZ)m) = qm
2
ν∏
i=1
m∏
s=1
(1− p−si ).
Note that Aut((Z/qZ)m) ≃ GLm(Z/qZ). We also note that due to the
application in worst-case to average-case reductions (see [1]) we are
especially interested in the regime where n is of order m logm and q is
of order m.
Note that [4] shows how to efficiently sample a random lattice from
the uniform distribution over Ln,G, given any G for which the factoriza-
tion of #G is known. The knowledge of approximate values ofNn,m(V ),
see Problem 5.3, may lead to an effective sampling of random lattice
from the uniform distribution over In,≤V , which is an open problem.
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